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Abstract
We give a new interpretation of the effect of initial state entanglement on the
spectrum of vacuum fluctuations. We consider an initially entangled state between
two free massive scalar fields in de Sitter space. We construct the initial state by
making use of a Bogoliubov transformation between the Bunch-Davies vacuum and a
four mode squeezed state, and then derive the exact power spectrum for one of the
scalar fields. We demonstrate that an oscillatory spectrum hardly appears for the
initially entangled state unless an ad hoc absolute value of the Bogoliubov coefficients
is chosen.
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1 Introduction
Historically, quantum entanglement has been one of the most fascinating features predicted
by quantum mechanics since Einstein-Podolsky-Rosen (EPR) pointed out that performing
a local measurement may affect the outcome of local measurements instantaneously beyond
the light cone in 1935 [1]. After a convincing test that the quantum entanglement is a
fundamental aspect of quantum mechanics by measuring correlations of linear polarizations
of pairs of photons [2, 3] was performed by Aspect et al in 1981, more attention has been
paid to how to make use of quantum entanglement of EPR pairs in quantum cryptography
and quantum teleportation (see [4] and references therein).
Entanglement entropy has now been established as a suitable measure of the degree of
entanglement of a quantum system. It has become a useful tool in quantum field theory to
characterize the nature of long range correlations and been developed in condensed matter
physics, quantum information and high energy physics. Recently, to discuss a gravity dual
of quantum entanglement in de Sitter space, Maldacena and Pimentel developed an explicit
method to calculate the entanglement entropy in a quantum field theory in the Bunch-Davies
vacuum of the de Sitter space [5]. They showed that quantum entanglement can exist between
two causally disconnected open charts in de Sitter space. Since the interior of a nucleated
bubble can be described by the open chart [6], their result infers that the regions inside
and outside of the bubble are entangled. If we regard the two open charts as two separated
bubbles, the two bubbles are entangled. Then, the spectrum of vacuum fluctuations in one of
the open charts was examined in [7] and it was found that the quantum entanglement affects
the shape of the spectrum on large scales comparable to or greater than the curvature radius,
whereas the spectrum on small scales remains intact [7, 8]. This is because the Bogoliubov
transformation between the Bunch-Davies vacuum and the vacua of the open charts depends
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on the wavenumber and vanishes in the small scale limit. Thus there is no entanglement
on small scales. This result is consistent with the fact that there should be no difference
between the open chart vacuum and the Bunch-Davies vacuum, since spacetime looks flat
in the small scale limit. In other words, this result that there is no entanglement on small
scales is reasonable as long as bubbles are nucleated in vacuum, with no particle production
on small scales.
The research of [9], however, discussed that oscillatory spectra may appear as the effect
of quantum entanglement even on small scales if we consider an initially entangled state
between two free massive scalar fields in de Sitter space. If the amplitude of oscillations is
small enough, the spectrum cannot be distinguished from a flat spectrum. On the other hand,
the research of [10] studied two de Sitter spaces instead of the two scalar fields and showed
that an initial state entanglement between two causally disconnected de Sitter spaces may
remain on small scales. In the bubble universes or so called multiverse, an infinite number of
universes can be produced once inflation happens [11, 12, 13, 14, 15, 16]. In such a situation,
some bubbles may be nucleated as entangled pairs of bubbles and their initial states may
be entangled with their partner bubbles1. Then, some effects of the entanglement with
unobservable bubbles may appear in the CMB of our bubble. In fact, the research of [22]
showed that the quantum entanglement may be imprinted on the cosmological observables.
Since the initially entangled state considered in [22] corresponds to truncation of a
squeezed state of pairs of n-particles, the degree of entanglement is represented by the
Bogoliubov coefficients between the Bunch-Davies vacuum and the squeezed state. Thus
one may expect to obtain oscillatory spectra with an appropriate choice of the Bogoliubov
coefficients β as demonstrated in [9], although such oscillatory spectra are not solely due to
the entanglement because initially non-entangled states also produce the oscillatory spectra
because of the Bogoliubov coefficients β [22]. The research of [22] showed that the relative
phase between the coefficients α and β due to quantum interference may distinguish the
spectrum of initially entangled states from the one of non-entangled.
The computation in [9] is done in the Schro¨dinger formalism, so it is not easy to see the
physical origin of the oscillatory behavior in the spectrum. In this paper, we instead adopt
the Heisenberg formalism and clarify what causes the oscillatory behavior in the spectrum
when the initial state is entangled. We then give a new interpretation of the result.
1The nucleation of bubbles is analogous to Schwinger pair production [17, 18, 19, 20, 21].
2
2 Four mode squeezed state in de Sitter space
In [9], an initially four mode squeezed state of two free massive scalar fields in de Sitter space
was discussed in the Schro¨dinger formalism. As a result, oscillatory spectra appeared. As
we show below, this state describes an entangled state between the two scalar fields. Here,
we discuss their system in the Heisenberg formalism and try to figure out what caused the
oscillatory behavior in the spectrum.
2.1 The set-up
We consider two free massive scalar fields φk and χk in de Sitter with the action [9]
S =
1
2
∫
dη
∑
k
[
a2
(
φ′kφ
∗′
k − k2φkφ∗k
)− a4m2φ φkφ∗k + a2 (χ′kχ∗′k − k2χkχ∗k)− a4m2χ χkχ∗k ] ,(2.1)
where the scale factor a = −1/(Hη) and a prime denotes derivative with respect to the
conformal time η. k is the wave vector. The canonical conjugate momentum for φk and χk
is give by
Pφk =
∂S
∂φ′k
= a2φ∗′k , Pχk =
∂S
∂χ′k
= a2χ∗′k . (2.2)
Each field is expanded as
φk = akuk(η) + a
†
−ku
∗
k(η) ,
[
ak, a
†
p
]
= δk,p ,
χk = bkvk(η) + b
†
−kv
∗
k(η) ,
[
bk, b
†
p
]
= δk,p , (2.3)
where k is the magnitude of the wave vector k. The different masses of mφ and mχ produce
different mode functions uk and vk, which satisfy
u′′k +
(
k2 +m2φ a
2 − a
′′
a
)
uk = 0 , uku
∗′
k − u∗ku′k =
i
a2
,
v′′k +
(
k2 +m2χ a
2 − a
′′
a
)
vk = 0 , vkv
∗′
k − v∗kv′k =
i
a2
. (2.4)
where we used the canonical conjugate relations [φk, Pφp] = iδk,p, [χk, Pχp] = iδk,p for the
Klein-Gordon normalization respectively. The mode functions that realize the Bunch-Davies
vacuum at η → −∞ are respectively given by
uk =
√
pi
2
√−ηH(1)νφ (−kη) , νφ =
√
9
4
− m
2
φ
H2
,
vk =
√
pi
2
√−ηH(1)νχ (−kη) , νχ =
√
9
4
− m
2
χ
H2
. (2.5)
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Note that we assumed m2φ, m
2
χ < 9/4H
2 for simplicity. Then the canonical conjugate mo-
mentum Eq. (2.2) is expressed as
Pφk = a
2
(
a−ku
′
k + a
†
ku
∗′
k
)
, Pχk = a
2
(
b−kv
′
k + b
†
kv
∗′
k
)
. (2.6)
By using Eqs. (2.3) and (2.6), the annihilation and creation operators are written as
ak = u
∗
k
∂
∂φ−k
− ia2u∗′k φk , a†−k = −uk
∂
∂φ−k
+ ia2u′kφk ,
bk = v
∗
k
∂
∂χ−k
− ia2v∗′k χk , b†−k = −vk
∂
∂χ−k
+ ia2v′kχk . (2.7)
The vacuum state is the state annihilated by both ak and bk. So if we denote the vacuum
for φk by |0〉φ and for χk by |0〉χ, the vacuum for the total system is
|0〉 = |0〉φ|0〉χ . (2.8)
2.2 The Bogoliubov transformation
Let us consider a state |ψ〉 defined by Bogoliubov transformations that mix the operators ak
with bk
a˜k = αkak + βkb
†
−k , b˜k = αkbk + βka
†
−k , (2.9)
that is
a˜k|ψ〉 = b˜k|ψ〉 = 0 , (2.10)
where
|αk|2 − |βk|2 = 1. (2.11)
This state |ψ〉 is then written by
|ψ〉 = N exp
[
−
∑
k
βk
αk
a†kb
†
−k
]
|0〉 , (2.12)
where N is the normalization factor. This describes a squeezed state of pairs of n-particles
between the two scalar fields φk and χk If we expand the exponent in |ψ〉, we have
|ψ〉 = N
(
1− βk
αk
a†kb
†
−k + · · ·
)
|0〉
= N
(
|0〉φ|0〉χ − βk
αk
|1〉φ|1〉χ + 1
2
(
βk
αk
)2
|2〉φ|2〉χ + · · ·
)
. (2.13)
This is an entangled state of the Hφ ⊗ Hχ space. If we truncate the above at the one
particle state order, we get a standard description of composite system of an entangled state
between the vacuum and one-particle states. Thus the degree of entanglement corresponds
to the Bogoliubov coefficients and it may depend on the wavenumber k.
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2.3 The spectrum in the Heisenberg picture
Now, we calculate the spectrum of one of the scalar fields φk in the state |ψ〉 in Eq. (2.12).
Eq. (2.3) and its complex conjugate are expanded in terms of a˜k and b˜k as
φk =
(
α∗ka˜k − βk b˜†−k
)
uk +
(
αka˜
†
−k − β∗k b˜k
)
u∗k , (2.14)
φ†k =
(
αka˜
†
k − β∗k b˜−k
)
u∗k +
(
α∗ka˜−k − β∗k b˜†k
)
uk . (2.15)
Then the spectrum of vacuum fluctuations is calculated as
〈ψ|φkφ†k|ψ〉 = |uk|2
(|αk|2 + |βk|2) = |uk|2 (1 + 2|βk|2) , (2.16)
where we used Eq. (2.10). This is the exact spectrum for the field φk. Interestingly, we find
that the mode function vk does not come in the spectrum as far as we focus on the spectrum
for φk. Thus, the possible origin of oscillatory spectra has to be in the absolute value of the
Bogoliubov coefficients |βk|.
2.4 The spectrum in the Schro¨dinger picture
Let us assume that |ψ〉 in the Schro¨dinger picture is expressed of the form [9]
ψ = N exp
[
−1
2
∑
k
Ak φkφ−k − 1
2
∑
k
Bk χkχ−k − 1
2
∑
k
Ck (φkχ−k + χkφ−k)
]
. (2.17)
The last term proportional to Ck corresponds to an initial state entanglement between φk
and χk. Here we note that φ−k = φ
†
k in the Heisenberg picture. So in the Schro¨dinger picture
or in the coordinate representation, φ−k = φ
∗
k.
Now we try to check if the state ψ in the Schro¨dinger picture (2.17) corresponds to |ψ〉
in the Heisenberg picture (2.12). Plugging Eq. (2.7) into Eq. (2.9), we find
a˜k = αk
(
u∗k
∂
∂φ−k
− ia2u∗′k φk
)
+ βk
(
−vk ∂
∂χ−k
+ ia2v′kχk
)
,
b˜k = αk
(
v∗k
∂
∂χ−k
− ia2v∗′k χk
)
+ βk
(
−uk ∂
∂φ−k
+ ia2u′kφk
)
. (2.18)
If we operate Eq. (2.18) on Eq. (2.17) and use Eq. (2.10), we get a system of four homogeneous
equations
Aku
∗
k −
βk
αk
Ckvk = −ia2u∗′k , Bkvk −
αk
βk
Cku
∗
k = −ia2v′k , (2.19)
Bkv
∗
k −
βk
αk
Ckuk = −ia2v∗′k , Akuk −
αk
βk
Ckv
∗
k = −ia2u′k . (2.20)
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Note that one of them is redundant. Those equations determine coefficients Ap, Bp and Cp
in Eq. (2.17) as
Ak =
1
|uk|2
β2kukvk
α2ku
∗
kv
∗
k − β2kukvk
− ia2u
∗′
k
u∗k
, (2.21)
Bk =
1
|vk|2
β2kukvk
α2ku
∗
kv
∗
k − β2kukvk
− ia2v
∗′
k
v∗k
, (2.22)
Ck =
αkβk
α2ku
∗
kv
∗
k − β2kukvk
, (2.23)
where the relation of the Klein-Gordon normalization in (2.4) is used. Thus we find that both
expressions in the Heisenberg and Schro¨dinger pictures Eqs. (2.12) and (2.17) completely
agree with each other when the above (2.21), (2.22) and (2.23) are satisfied.
As we see Eqs. (2.21)∼(2.23), those expressions look very complicated. In [9] , they tried
to derive Eqs. (2.21)∼(2.23) approximately, and then calculated the power spectrum in the
Schro¨dinger picture. So we try to check if the power spectrum agrees with Eq. (2.16). In
the Schro¨dinger picture, the spectrum becomes [9]
〈φk φ−k〉 = (ReBk)
2{(ReAk) (ReBk)− (ReCk)2}
, (2.24)
where ReAk is the real part of Ak and similarly for Bk and Ck.
Now we express each variable in Ak, Bk and Ck in the form
2
βk = bk + idk , uk = xk + iyk , vk = zk + iwk , (2.25)
where bk, dk, xk, yk, zk and wk are real. We plug the above into Eqs. (2.21), (2.22) and (2.23),
and calculate Eq. (2.24). If we expand it in βk up to the second order, we find that the
Eq. (2.24) is written by
1
2a2
x2 + y2
x′y − y′x
[
1− 1
a2
1
x′y − y′x
AX +BY
X2 + Y 2
+
α2
a4
(x2 + y2)(z2 + w2)
(x′y − y′x)(z′w − w′z)
(
bX + dY
X2 + Y 2
)2]
,(2.26)
where we omitted the index k for simplicity and defined
X = α2 (xz − yw) , A = (b2 − d2) (xz − yw)− 2bd (yz + xw) ,
Y = −α2 (yz + xw) , B = 2bd (xz − yw) + (b2 − d2) (yz + xw) . (2.27)
If we use the Wronskian yx′− xy′ = 1/(2a2), and rewrite the above in terms of αk, βk, uk, vk
such as X2 + Y 2 = α4|uk|2|vk|2, the spectrum (2.24) is then expressed as
〈φk φ−k〉 = |uk|2
(
1 + 2|βk|2 +O(β4k)
)
. (2.28)
2Without loss of generality, we assume αk is real.
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We see that the expansion up to the second order of βk completely agrees with the exact
spectrum in Eq. (2.16). Thus, we find that the degree of freedom of an oscillation in the
spectrum appeared in Eq. (2.24) is encoded in the absolute value of the Bogoliubov coef-
ficients |βk| and then the oscillation can appear with an appropriate choice of the |βk|. In
fact, in [9], they choose the phase of ρk to be zero and which corresponds to a particular
(rather ad hoc) choice of |βk|.
3 Summary and discussion
We studied the spectrum of vacuum fluctuations of an initial state where two scalar fields
are entangled by following the research [9], in which it was argued that oscillatory spectra
would appear due to the entanglement. They considered an initially four mode squeezed
state of the two free massive scalar fields φk, χk, one of them is assumed to be an inflaton
field, in de Sitter space in the Schro¨dinger formalism. Since in their Schro¨dinger formalism it
is not easy to see the physical origin of the oscillatory behavior in the spectrum, we instead
adopted the Heisenberg formalism. In the Heisenberg formalism, the state considered in [9]
is described by a Bogoliubov transformation that mixes a positive frequency function of φk
with a negative frequency function of χk. We then calculated the exact power spectrum for
the φ field and clarified that the origin of an oscillatory spectrum has to be in the absolute
value of the Bogoliubov coefficients |βk|.
To confirm that our state in the Heisenberg picture is the same as the state studied in [9],
we derived the wavefunction for our state in the Schro¨dinger picture in the same form as
assumed in [9]. We note that the resultant wavefunction we obtained is exact and general
for the class of entanglement considered in [9]. To show explicitly the identity between an
expression for the spectrum given in terms of functions appearing in the wavefunction as given
in Eq. (2.24) and the exact expression we obtained, we evaluated the former approximately
by expanding it in terms of the Bogoliubov coefficients βk. We found that the spectrum
expanded up to the second order of the Bogoliubov coefficients βk completely agrees with the
exact spectrum we derived in the Heisenberg formalism. From those analyses, we conclude
that oscillatory spectra due to the initial state entanglement can be produced only when the
absolute value of the Bogoliubov coefficient |βk| is chosen to have an oscillatory feature in k.
We here stress that, on the contrary, an initially non-entangled state may naturally
produce an oscillatory spectrum due to quantum interference if the initial state deviates from
the Bunch-Davies vacuum as shown in [22]. For example, if we consider a squeezed state of φk
given by a Bogoliubov transformation of the Bunch-Davies vacuum, an oscillatory spectrum
appears if the relative phase between the coefficients αk and βk depends on k even if there
7
is no oscillation in the absolute value of βk. Thus we should not be confused the oscillatory
spectra as an effect of entanglement. In order to see solely the effect of entanglement in the
spectrum, we should rather see the effect of quantum interference that may distinguish the
spectrum of initially entangled state from the one of non-entangled state [22].
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